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Abst ract - -Us ing  Nevanlinna value distribution theory, we study the uniqueness of meromorphic 
functions concerning differential polynomials, and prove the following theorem. Let f ( z )  and g(z) 
be two nonconstant meromorphic functions, n(> 13) be a positive integer. If f '~( f  - 1)2f ' and 
gn(g _ 1)2g~ share 1 CM, then f ---- g. © 2002 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION AND MAIN RESULTS 
In this paper, we use the standard notations and terms in the value distribution theory [1]. Let 
f(z) be a nonconstant meromorphic function on the complex plane C. Set E(a, f) = (z I f(z) - a 
= 0}, where a zero point with multiplicity m is counted m times in the set. If these zero points 
are only counted once, then we denote the set by E(a, f). Let k be a positive integer. Set 
Ek(a,f) = {z : f ( z ) -a  = O, Si, 1 < i < k, st. f(i)(z) ~ 0}, where a zero point with 
multiplicity m is counted m times in the set. 
Let f(z) and g(z) be two nonconstant meromorphic functions. If E(a, f) = E(a, g), then we 
say that f(z) and g(z) share the value CM; if E(a, f)  - /~(a,  g), then we say that f(z) and g(z) 
share the value IM. 
In addition, we also use the following notations. 
We denote by Nk)(r,f) the counting function for poles of f(z) with multiplicity _< k, and 
by Nk)(r,f) the corresponding one for which multiplicity is not counted. Let N(k(r, f) be the 
counting function for poles of f(z) with multiplicity _> k, and by/V(k(r, f)  be the corresponding 
one for which multiplicity is not counted. Set Nk(r ,  f )  = IV(r, f) + N(2(r, f )  + . . .  + N(k(r, f). 
Similarly, we have the notations: Nk)(r, l / f) ,  IVk)(r, l / f ) ,  N(k(r, l / f ) ,  Fl(k(r, l / f ) ,  Nk(r, l / f ) .  
Let f(z) and g(z) be two nonconstant meromorphic functions and/~(1, f)  = E(1, g). We denote 
by 1VL(r, 1 / ( f -  1)) the counting function for 1-points of both f(z) and g(z) about which f(z) has 
larger multiplicity than g(z), with multiplicity not being counted, and denote by Nll (r, 1/(f  - 1)) 
the counting function for common simple 1-points of both f(z) and g(z) where multiplicity is not 
counted. Similarly, we have the notation NL(r, 1/(g -- 1)). 
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In 1976, Gross [2] proposed the following question. 
QUESTION A. Whether there exists a finite set S such that E(S, f )  = E(S, g) can imply f -= g 
for any pair of nonconstant entire functions f and g? 
Yi [3,4] gave a positive answer to Question A. He proved the following. 
THEOREM A. (See [3].) There exists a set S with 7 elements uch that E(S, f )  = E(S, g) can 
imply f - 9 for any pair of nonconstant entire functions f and 9. 
Yi [3-5], Li and Yang [6] and Frank and Reinders [7] studied the problem for meromorphic 
functions. Frank and Reinders proved the following. 
THEOREM S. (See [7].) There exists a set S with 11 elements uch that E(S, f )  = E(S, g) can 
imply f =_ g for any pair of nonconstant meromorphic functions f and g. 
In fact, Question A can be stated as follows: whether there exists a polynomial P such that 
for any pair of nonconstant meromorphic functions f and g we can get f - g if P( f )  and P(g) 
share one value CM? 
Naturally, we pose the following question: whether there exists a differential polynomial d such 
that for any pair of nonconstant meromorphic functions f and g we can get f - g if d(f) and 
d(g) share one value CM? 
In this paper, we give a positive answer to the question. We have proved the following. 
THEOREM 1. Let f and g be two nonconstant meromorphic functions, n(> 13) be a positive 
integer. I f  fn ( f  _ 1)2f, and 9n(g -- 1)29 , share 1 CM, then f - g. 
In fact, we have obtained the following results 
THEOREM 2. Let f and g be two nonconstant meromorphic functions, k(>_ 3), n (> 13) be two 
positive integers. I f  Ek(1, f'~( f - 1)2f ') = Ek(1, g'~(g - 1)2g'), then f =_ g. 
THEOREM 3. Let f and g be two nonconstant meromorphic functions, n(> 15) be a positive 
integer. I f  E2(1, fn ( f  - 1)2f ') = E2(1,gn(g - 1)2g'), then f =_ g. 
THEOREM 4. Let f and g be two nonconstant meromorphic functions, n(>_ 23) be a positive 
integer. I f  E l (1 , fn ( f  - 1)2f ') = El(1, gn(g - 1)2g'), then f - g. 
In this paper, we also discuss the problem for sharing one value IM. We have proved the 
following. 
THEOREM 5. Let f and g be two nonconstant meromorphic functions, n(> 28) be a positive 
integer. I f  fn ( f  - 1)2f ' and gn(g _ 1)2g, share I lM, then f -- g. 
When f and g are two entire functions, similarly we can get the following results. 
THEOREM 11. Let f and g be two nonconstant entire functions, n(> 8) be a positive integer. I f  
fn ( f  _ 1)f '  and gn(g _ 1)g' share 1 CM, then f = g. 
THEOREM 2'. Let f and g be two nonconstant entire functions, k(> 3), n(_> 8) be two positive 
integers. I f  Ek (1 , fn ( f  - 1)f ')  = Ek(1,gn(g -- 1)g'), then f = g. 
THEOREM 3'. Let f and g be two nonconstant entire functions, n(> 9) be a positive integer. I f  
E2(1, fn ( f  - 1)f ' )  = E2(1,gn(g - 1)g'), then f - g. 
THEOREM 4'. Let f and g be two nonconstant entire functions, n(> 14) be a positive integer. I f  
E l (1 , fn ( f  - 1)f ' )  = E l (1 ,gn(g -  1)g'), then f -g .  
THEOREM 5'. Let f and g be two nonconstant entire functions, n(> 17) be a positive integer. I f  
fn ( f  _ 1)f '  and gn(g _ 1)g' share I lM, then f - g. 
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EXAMPLE 1. The following example shows that Theorem 1 ~ is not valid when f and g are two 
meromorphic functions. Let 
(n+2~ e z +e 2z q - . . .+e  (n+l)z 
f(z) = \n  + 1]  1 +e z +. . .  +e  nz +e(n+l)  ~' 
(n+2~ X+eZ+. . .+e  nz 
g(z) = \n  + 1] 1 + e z +. . .  + e nz + e(n+l) z" 
Then fn ( f  _ 1)f' and gn(g _ 1)g' share 1 CM, but f ~ g. 
2. SOME LEMMAS 
In order to prove our results, we need the following lemmas. 
LEMMA 1. (See [8].) Let f be a nonconstant meromorphic function, and let ao, a l , . . . ,  an be 
finite complex numbers uch that an ~ O. Then 
T (r, an/n + an_If n-1 +. . .  + a l f  + ao) = nT(r, f)  + S(r, f). 
Using the method of [9], we get the following. 
LEMMA 2. Let f and g be two meromorphie functions, and let k be a positive integer. 
Ek(1, f)  = Ek(1,g), then one of the following cases must occur: 
(1) 
/ f  
(r, (r, (r, gl--1 ) +S(r,f)+S(r,g); 
(2) 
f=  (bT1)gT(a -b -1)  
bg + (a - b) where a(~ 0), b are two constants. 
LEMMA 3. (See [10].) Let f and g be two meromorphic functions. If  f and g share 1 IM, then 
one of the following cases must occur: 
(1) 
(2) 
T(r, f) + T(r, g)_<2 [N2(r, f )+  N2(r, g) + N2 (r, f ) + N2 (r, ~)]  
+3JflL (r, f l~_ l ) + 31~IL (r, g l--_ l ) + S(r,f)  T S(r,g); 
f=  (b+ l )g+(a-b -1)  
bg + (a - b) ' where a(~ 0), b are two constants. 
LEMMA 4. 
Then 
(See [11].) Let f and g be two meromorphie functions, and let k be a positive integer. 
N r, <N r, +kf i l ( r , f )+S(r , f ) .  
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LEMMA 5. (See [12].) Let f and g be two meromorphi c functions, and let n(> 6) be a positive 
integer. If 
(n 1 ~ - 2) S" - n(~ - 2)S " -x  + ~ S  " -~ - (~- 1)(~- 2)g .  _ ~(~ _ 2 )g ._~ + 2 2 -- 1)gn-2' n(n 
then f -- g. 
LEMMA 6. Let f and g be two meromorphic functions, n(>_ 8) a positive integer, and let F = 
fn ( f  _ 1)2 f , ,G=g, (g  _ 1)2g,. /f 
F = 
(b+l )G+(a-b -1)  
bG + (~ - b) ' 
where a(¢ 0), b are two constants, then f -= g. 
PROOF. By Lemma 1, we know 
T(r, F) = T (r, fn ( f  _ 1)2f,) 
< T (r, fn ( f  _ 1)2) + T (r, f ' )  
_< (n + 2)T(r, f)  + 2T(r, f) + S(r, f) 
= (n + 4)T(r, f)  + S(r, y), 
(2.1) 
(2.2) 
(n + 2)T(r, f) = T (r, fn ( f  - 1) 2) + S(r, f )  
= N (r, f " ( f  - 1) 2) + m (r, fn ( f  - 1) 2) + S(r, f)  
(') <_g (r, fn ( f -1 )2 f  ' ) -N( r , f ' )+m (r, fn ( f -1 )2 f ' )+m r , - f  +S(r , f )  
(') <_ T (r, fn ( f  _ 1)2f,) + T (r, f') - N (r, f') - N r, 77 + S(r, f)  
(') <T(r ,F )+T( r , f ) -N( r , f ) -g  r, 77 +S(r , f ) .  
So (') T(r, F) > (n + 1)T(r, f)  + N(r, f) + N r, -]7 + S(r, f). 
Thus, by (2.2) and (2.3) and n > 8, we get S(r, F) -- S(r, f). 
Similarly, we get 
T(r,a) > (n + l)T(r,g) + N(r,g) + N (r, ~)  + S(r,g), 
S(r, G) = S(~, g). 
(2.3) 
(2.4) 
(2.5) 
Without loss of generality, we suppose that T(r, f)  <_ T(r,g), r E I, where I is a set with 
infinite measure. Next, we consider three cases. 
CASE 1. b ¢ 0, -1.  If a -  b -  1 ¢ 0, then by (2.1), we know 
( 1 ) (1) 
~'G+(~-b-1) / (b+l )  =N ~'~ " 
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By the Nevanlinna second fundamental theorem and Lemma 4, we have 
T(r,G) <_ .fl(r,G)÷ .f[ (r,-~) + N" (r, G+ (a -b  I 1)/(b ÷ 1) )  +Sir'G) 
=N(r,G) T f~( r ,G)÷lV( r ,F )÷S( r ,g )  
(1) <_ 2T(r, g) ÷ 1V(r, g) + N r, -~ + 4T(r, f) + S(r, g) 
< 6T(r, g) ÷ ~[(r,g) + g r, + S(r, g). 
Hence, by n > 8 and (2.5), we know T(r, g) < Sir , g), r C I. This is impossible. 
If a - b - 1 -- 0, then by i2.1) we know F = ((b + 1)G)/(bG + 1). 
Obviously, 
1 
l~ (r, G_(_ l /b) = N(r,F). 
By the Nevanlinna second fundamental theorem and Lemma 4, we have 
T(r,G) <- N(r,G) + fil (r, G)  + l~l (r, G11/b)  + S(r,g) 
= N(r,G) + fil (r, G)  + f~(r,F) + S(r,g) 
(1) 
< 2T(r, g) + 1V(r, g) + N r, 7 ÷ T(r, 1) ÷ S(r, g) 
<_ 3T(r,g) ÷ N(r,g) + N r, ~ +Sir ,g). 
Then by n > 8 and (2.5), we get T(r, g) < Sir , g), r E I ,  a contradiction. 
CASE 2. b = -1 .  Then i2.1) becomes F = a/((a + 1) - G). 
If a + 1 ¢ 0, then N(r, 1/(G - (a + 1))) = N(r ,  F) .  Similarly, we can deduce a contradiction 
as in Case 1. 
If a + 1 = 0, then FG - 1, that is, 
fn( f  - 1)2f'gn(g - 1)2g ' -- 1. (2.6) 
Let z0 be a zero of f(z) with multipl icity s. Then by (2.6), we see that z0 is a pole of g(z) (say 
multipl icity t). Thus, ns + s - 1 = ( n + 3)t + 1, that  is, 
, (n + 1)s = (n + 3)t + 2. (2.7) 
By simple computing and n > 8, we get from (2.7) that s > 5. Hence, the zeros of f(z) are of 
multipl icity E 5. 
612 C.-Y. FANG AND M.-L. FANG 
Similarly, we deduce from (2.6) that the zeros of f(z) - 1 are of multiplicity ~_ 5. Thus, it is 
easy to see from (2.6) that both the zeros of g(z) and the zeros of g(z) - 1 are of multiplicity _> 5. 
By the Nevanlinna second fundamental theorem, we know 
<_ 1~ r (r, gn(g-i)2g,)+.f[ (r, f )+  1~ r (r, fl--_l)-No (r, ~7)+S(r,f) 
where No(r, 1If ~) denotes the counting function for those zero points of f~(z) which are not zero 
points of f(f  - 1), and No(r, 1/g t) denotes the analogous quantity. 
Similarly, we have 
T(r,g) <_ IV (r, f )-t-lV~ (r, ~)+N (r, ~)-{-1V (r, g l-~_l)+No (r, ~7)-No (r,-~)÷S(r,g). 
Combining the above two equations, we soon know 
T(r, f)+T(r,g) <_21V (r, f)÷2/~ (r ,  ~)+2/~ (r ,  ~)+2N (r, ~)+S( r ,  f)+S(r,g) 
2 <_ 2 T(r, f) + ~T(r, f) + 2 T(r, g) + 2 T(r, g) + S(r, f) + S(r, g) 
= T(r, I )  + -gT(r, g) + S(r, f) + S(r, g). 
Thus, T(r, f) + T(r, g) <- S(r, f) + S(r, g), a contradiction. 
CASE 3. b = 0. Then (2.1) gives F = (G + (a - 1))/a. 
If a - 1 ¢ 0, then .~(r, 1/(a + (a -  1))) = N(r, 1/F). Similarly, we can again deduce a 
contradiction as in Case 1. 
If a - 1 = 0, then F = G, that is, 
fn(f _ 1)2f, _ gn(g _ 1)2g,. 
Integrating the above equation, we know that there is a constant C such that 
F1 -- (n+ 1)(n + 2) f .+  3 _ (n+ 1)(n + 3)f,~+2 + (n+2)(n+3)fn+ 1 
4 2 4 
(n + 1)(n + (n + 1)(n + (n + 2)(n + 3)gn+ 1 4 2)'gn+3 - 2 3) gn+2 + 4 + C 
~- GI -{-C. 
If C ~t 0, then by the Nevanlinna second fundamental theorem and Lemma 1, we have 
(n + 3)T(r,g) = T(r, G1) + S(r,g) 
1 <- I~(r, GI) + IV (r, G---~) ÷ IV (r, GI-+ c )  + S(r,g) 
<_ T(r, g) + 3T(r, g) + 3T(r, f) + S(r, g) 
< 7T(r, g) + S(r, g). 
By n >_ 8, we get T(r, g) <_ S(r, g), r E I ,  a contradiction. 
Hence, C = 0, that is, F1 - G1. Then by Lemma 5, we obtain f -- g. This completes the 
proof of Lemma 6. 
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3. PROOF OF 
Let F and G be defined as in Lemma 6. 
PROOF OF THEOREM 2. Since k > 3, we have 
THEOREMS 
1~ (r,F~) -~-1~ (r,~---~) -Nll (r, FX-~_X) -{-J~(k-[-1 (r,F~) -~-l~(k+l (r, GX--x) 
<IN(F - -~)  1 (G I_ I )  - 2 r, + ~N r, 
1 < T(r, F) + -~T(r, G) + S(r, f) + S(r, g). 
Then (1) in Lemma 2 becomes 
T(r, F)+T(r, G)<2 (N2 (r, 1 )+ N2(r, F)+ N2 (r, G)+ N2(r, G)}-t-S(r, f)+S(r, g). 
Since 
1 N2 (r, 1) +N2(r,F)=N 2(r, fn(f -1)2f,) ÷ N2 (r, fn(f - 1)2f ') 
(;) (A) _<2N r, +2N r, +N r, +2/~-(r , f ) .  
Similarly, we obtain 
N2 (r, G)+ N2(r,G)<_21~f (r, ~)+2.f[ (r, gl--_1 ) -i-N (r, ~)~- 2N(r,g). 
Suppose that 
(3.1) 
(3.2) 
T(r,F) ÷T(r,G)<_41V (r, f )÷4N (r, ~-1)+2N (r, ~7,)÷ 4~r(r, f )+S(r , f )  
+4-fl(r,~)T4-fl(r, gl~_l) + 2N (r, g~7)+4]V(r,g)TS(r,g) 
_<5N r, +4N r, +N r, +5N(r , f )+S(r , f )  
÷5N(r,~) ÷41V(r, g l~_l) + N(r,~) ÷51V(r,g)÷S(r,g) 
<13T(r, f )+lV(r , f )+N r,-]7 +S(r,f) 
+13T(r,g) + N(r,g) -t- N (r, ~) + S(r,g). 
By n > 13 and (2.4),(2.5), we obtain T(r, f) + T(r,g) < S(r, f) + S(r,g), which is impossible. 
Thus, by Lemma 2, f = ((b + 1)g + (a - b - 1))/(bg + (a - b)), where a(~ 0), b are two constants. 
By Lemma 6, we get f - g. This completes the proof of Theorem 2. 
(3.4) 
By Lemma 4 and (3.1)-(3.3), we get 
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PROOF OF THEOREM 3. Obviously, 
iN 1 _ ~N 2 
<_ T(r, F) + jr(r,  a) + S(r, I) + S(r, g). 
Then (1) in Lemma 2 becomes 
T(r, F) + T(r, G)<2 {N2 (r, 1 )+ N2(r, F) + N2 (r, G) + N2(r, G)} 
Considering 
l~'(3(r, F1--_l) <-IN(r,~-7) 
Similarly, we get 
= ~N 
i - ( r , F )+S( r , f )  < lye(r, F) + -~N 
-2<1 [fi (r, f ) + lV (r, f l--1) + N (r, ~7) + lg(r,f) ] + S(r,f) 
< 5T(r, f) + S(r, f). 
<_ ~T(r, g) + S(r, g). 
(3.5) 
Suppose that 
{ (1) } T(r,F)+T(r,G)<_2 N2 r,-F +N2(r,F)+N2 r, +N2(r,G) 
Combining (3.1),(3.2) and (3.4)-(3.7), we know 
T(r,F)+T(r,G)<_15 T(r,f)+lV(r,f)+N r, 77 +S(r,f) 
(3.6) 
(3.7) 
+15 T(r,g) + N(r,g) + N r, ~ + S(r,g). 
From u _> 15 and (2.4) (2.5), we get T(r, f) + T(r, g) <_ S(r, f) + S(r, g). This is impossible. 
By Lemma 2, we obtain F = ((b + 1)G + (a - b - 1))/(bG + (a - b)), where a(# 0), b are two 
constants. Then applying Lemma 6, we know f - g. This completes the proof of Theorem 3. 
PROOF OF THEOREM 4. Since 
<_ ~T(r,F) + ~T(r,G) + S(r,f) + S(r,g). 
Z Z 
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Then (1) in Lemma 2 becomes 
T(r,F) + T(r, G)_<2 {N2 (r, 1 )+ N2(r,F) + N2 (r, G)  + N2(r,G) 
Considering 
Similarly, we have 
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= N r,-~ + S(r,f) 
<-l~(r,F) ÷ fil (r, F )  ÷ S(r,f) 
<_ 5T(r, f) + S(r, f). 
/~r(2 (r, ~_  1)~_5T(r,g)-t-S(r,g). 
(3.s) 
Suppose that 
T(r, F) + T(r, G) < 2 N2 r, + N2(r, F) + N2 r, -~ -t- N2(r, G) 
Tl~(2(r ,F-- -~)-~lV(2(r ,G---~)}+S(r, f )TS(r ,g) .  
By (3.1), (3.2), (3.4), and (3.8)-(3.10), we have 
(1) T(r, F) + T(r, G) < 23T(r, f) ÷ 1V(r, f) + N r, -]7 ÷ S(r, f) 
(3.9) 
(3.10) 
(1) 
+ 23T(r, g) + 1V(r, g) + N r, ~7 + S(r, g). 
By n > 23 and (2.4),(2.5), we get T(r, f) + T(r, g) < S(r, f) + S(r, g), a contradiction. 
Applying Lemma 2, we know F = ((b + 1)G + (a - b - 1))/(bG + (a - b)), where a(# 0), b are 
two constants. Then by Lemma 6, we have f -- g. This completes the proof of Theorem 4. 
PROOF OF THEOREM 5. Obviously, 
< T r,-f7 + S(r,f) 
= N (r, F___~) + S(r,f) (3.11) 
~- lV(r,F) +-fl (r, F )  ÷ S(r,f) 
< 5T(r, f) ÷ S(r, f). 
Similarly, we have 
IVL (r, G1---~_ I )  < hT(r,g) + S(r,g). (3.12) 
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Suppose that 
T(r,F) + T(r,G) _< 2 {N2 (r, F )+ N2(r,F) + N2 (r, G) + N2(r,G)} 
(3.13) 
4-31qL (r, F---~) 4- 31VL (r, Gl-~_ l) ÷ S(r,f) + S(r,g) • 
By (3.1), (3.2), (3.4), and (3.11)-(3.13), we know 
T(r, F) + T(r, G) <_ 28T(r, f) 4- 1V(r, f) 4- N r, 77 4- S(r, f) 
(') + 2ST(r, g) + ~r(r, 9) + Y r, ~7 + S(r, g). 
Prom n _> 28 and (2.4),(2.5), we have r(r, f )+r(r ,  g) <_ S(r, f)+S(r, g). This is a contradiction. 
By Lemma 3, we get F = ((b + 1)a + (a - b - 1))/(bG + (a - b)), where a(¢ 0), b are two 
constants. Then by Lemma 6, we obtain f = g. This completes the proof of Theorem 5. 
PROOF OF THEOREM 1'. Let F = fn(f _ 1)f', a = gn(g _ 1)g'. 
Since F and G share 1 CM, then (1) in Lemma 2 becomes 
T(r,F) + T(r,G) < 2 {N2 (r, F) + N2(r,F) + N2 (r, G) + N2(r,G)} + S(r,f) + S(r,g). 
Obviously, we have 
1 N2 (r, F) 4- N2(r,F) = N2 (r, fn(f-1)f,) 4- N2(r,fn(f - e)f') 
(3.14) 
Similarly, we obtain 
N2 (r, G)+ N2(r,G)<_21V (r, ~)4- 1~ (r, 91--_1)4-N (r,-~7). (3.15) 
Suppose that 
T(r, F)4-T(r, G)<2 {N2 (r, F )  4- N2(r, F)N2 (r, G) + N2(r, G)}4- S(r, f) 4-S(r,g). (3.16) 
Then by Lemma 4 and (3.14)-(3.16), we get 
T(r,F) + T(r,G) < 4N (r, f )+2_N ( r ,~_ l )+2N (r, ~7) + S(r,f) 
+ 4/~r (r, ~)4 -2N( r ,  91~_l)4-2N(r,~)4-S(r,g) 
<-5N(r, f )  4-2-f((r, fl~l)4-N(r, fT) 4-S(r,f) 
(3.17) 
+5N(r,~) 4- 2N (r, g 1--1--~)+N(r,~7 ) +S(r,g) 
< 7T(r, f)  4- N r, 4- S(r, I) 
Uniqueness of Meromorphic Functions 617 
Noting that 
T(r, F) > nT(r, f) + N r, + S(r, f) ,  
T(r,G) > nT(r,g) + N (r, ~7 ) + S(r,g). 
Then by n > 8 and (3.17), we obtain T(r,f) + T(r,g) < S(r,f) + S(r,g), which is impos- 
sible. Thus, by Lemma 2, f = ((b + 1)g + (a - b - 1))/(bg + (a - b)), where a(~t 0), b are two 
constants. By using the same argument as in Lemma 6, we get f ~ g. This completes the proof 
of Theorem 1 ~. 
Similarly, we can prove Theorems 2t-5 t by imitating the proof of Theorem 1 t. We omit the 
details here. 
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